In a paper presented a few years ago, De Lorenci et al. showed, in the context of canonical quantum cosmology, a model which allowed space topology changes. The purpose of this present work is to go a step further in that model, by performing some calculations only estimated there for several compact manifolds of constant negative curvature, such as the Weeks and Thurston spaces and the icosahedral hyperbolic space ͑Best space͒.
I. INTRODUCTION
A few years ago De Lorenci et al. ͓1͔ presented a model of quantum cosmology which allowed space topology changes, having as the main idea the use of the ''conditional probability interpretation'' to establish selection rules for the possible changes of topology; the wave functions involved in the process were of the type ⌿ϭ⌿͑␣,␤,, ͒ϭA k ͑ a, ͒e
where ␣ and ␤ are appropriated canonical variables built upon the more common set of spherical coordinates (,,) , the scale factor a and the curvature k; and are, respectively, a dust field describing a ''distribution of irrotational dust particles'' and a scalar field, both representing the matter content of the model, and F k is basically a numerical coefficient obtained by integration of certain functions constructed upon the ''value'' 0 (,;V 3 ) of the radial coordinate of the fundamental polyhedron's boundary of the threedimensional manifold V 3 , of curvature k, considered, written explicitly as
The topology changes would occur at some value of the the dust field, when aϭā and ϭ , such that the conditional probability of having kϭϪ1, 0 or ϩ1 would be
So, when →Ϯϱ one has one of the P c (k͉ā , ) equal to one and the other two null, depending upon the value of F k .
In ͓1͔ the values of the functions F k were only estimated for two different compact manifolds, the Poincaré dodecahedral space D 3 , of positive curvature, and the hyperbolic icosaedral space I 3 ͑also known as Best space͒, of negative curvature; since there the authors claimed that ''it is not possible to calculate the F i 's exactly'' for these manifolds, the importance of the present work is in the exact calculation of the functions F k for several compact manifolds of constant negative curvature, including the cited I 3 .
II. SOME CALCULUS IN COMPACT MANIFOLDS
The functions F k , such as presented in Eq. ͑2͒, are probably uncomputable since the specific form of the functions 0 (,;V 3 ) are difficult, if not impossible, to determine; however, one can simply establish the following limits for the F k 's:
where min and max are, respectively, the radii of the inscribed and circumscribed circumference of the fundamental cell of the manifold in consideration. In ͓1͔ the functions 0 appear after performing an ''integration with respect to the variable ,'' using as the interval of integration ͓0, 0 (,;V 3 )͔; so, in order to obtain a numerical value for the functions F k , it is easy to see that one can start with the integral
is simply the element of the volume for the spatial part of a Friedmann-Robertson-Walker metric, written in spherical coordinates, there are two possible ways to proceed, one plainer and the other a little more sophisticated; in both, however, one needs to redefine the coordinates and limits of the integration used. So, the next step consists in the use of *Email address: sancosta@ift.unesp.br cylindrical coordinates (,,z), related to the spherical coordinates (,,) by means of the relations cosͱkϭcosͱk cosͱkz, ͑7͒ sinͱk sin ϭsinͱk,
Now, one has the interval of integration ͓0, 0 (z,;V 3 )͔ for the coordinate ; the expression for 0 (z,;V 3 ) is easily obtainable, since it is only a matter of using trigonometrical identities in the plane, i.e., in the triangles that compose the faces of each tetrahedron in which the fundamental polyhedron can be divided 1 using the following procedure: For each face draw a geodesic line perpendicular to it, connecting it to the center A of the polyhedron, and crossing it or its plane in a point B ͑this line AB gives the height z of the tetraedron͒; for each edge draw a geodesic line perpendicular to it and connecting it to the point B of the face to which the edge belongs, crossing the edge or its extension in a point C; complete the tetrahedron with one of the two vertices of the edge, naming it D.
These steps will create some ''negative'' tetrahedra, covering also regions outside the polyhedron, and some ''positive,'' covering only regions of the polyhedron, each one of them having four right-angled triangles, one of which ͑named here BCD) is the base of the tetrahedron; integration on the compact manifold represented by the polyhedron is the difference between the sums of the integrations on all of the positive tetrahedra and the integrations on all of the negative tetrahedra ͑see Fig. 1͒ .
The easiest path of integration consists of simply making
where v is the volume of the compact manifold where the integration is being performed. The remaining integral in the right-hand side of the last equality must be done in the new set of cylindrical coordinates, 2 where the limits of integration for the particular case of negative curvature (kϭϪ1) are, in each tetrahedron,
The integration in the coordinate is easily done and gives finally
from where numerical results can be obtained by plain numerical integration. Notice that one could go a step further with analytical integration, making in Eq. ͑12͒ the integration in the variable z, yielding a formula for the volume of each tetrahedron of the manifold, 4 and finishing with an expression for F Ϫ1 consisting of one single integral in the variable . However, the intermediate results of this procedure are somewhat lengthy, and so, instead, one can start doing
1 For more information on trigonometric identities in nonEuclidean spaces one can see Refs. ͓2-6͔; ͓3͔ is a classical book of cosmology with one section on spherical trigonometry. 2 In the new set of coordinates the element of the volume to be used is dVϭsinh cosh ddzd, obtained from Eq. ͑8͒. 3 The trigonometric identities that lead to such a result are shown in the appendix at the end of this work. 4 The final result for the volume is presented in the last section of this work. where V is a vector satisfying the first-order differential equation
͑14͒
This equation has, in principle, several solutions; if one assumes, quite arbitrarily, that in spherical coordinates V is a vector with only a radial component and that all constants of integration appearing in the solution of the differential equation can be set equal to zero, one obtains as a solution, in spherical coordinates,
where the last equality shows clearly the behavior of the solution when kϭ0. This result permits the use of Stokes's theorem ͓8͔ to make
where n is a vector normal to the boundary S of the fundamental cell of the compact manifold V 3 , obeying the constraint n n ϭ1. In the procedure presented here the faces of the fundamental polyhedron that represents a compact manifold appear, by construction, as surfaces of constant z, allowing one to use as an element of area
Finally, to carry out the integration the vector V must be written in cylindrical coordinates; only the component V z ϭV ‫ץ‬ z, normal to the base of the tetrahedron, is important.
This procedure can be used also to give the volume of each tetrahedron, which allows one to write, in the case of negative curvature,
͑18͒
where z 0 ϭd AB ; this result is the same one would obtain from plain integration of Eq. ͑12͒, validating therefore the assumptions made in the choice of the solution for V .
III. NUMERICAL RESULTS
To obtain numerical results the data-volumes and coordinates of all vertices for several hyperbolic compact manifolds-contained in the literature were used ͑see, for instance, ͓9͔ and ͓10͔͒ together with those of the software SNAPPEA 6 ͓11͔; part of the data used are presented in Table I . The manifolds chosen present in some way a degree of symmetry which simplified the calculus, but, in principle, the approach followed can be used to any compact manifold. All results are presented in Table II where they are compared with estimates done as in ͓1͔; the result obtained for the Weeks manifold was used in ͓12͔.
IV. CONCLUSION
There are several formulations of quantum cosmology and the intention of this work is to shed some new light on a particular one, showing that the wave functions built by the procedure of ͓1͔ present a dependence on the volume of the compact manifold in consideration; aside that, such wave functions have an additional dependence on the shape of the fundamental cell of the manifold, due to a surface term that does not appear in several other models.
To finish, it is also interesting to notice that the results presented here, though of specific relevance for a particular model of quantum cosmology, can be seen in a more generalized context, since this work presents a method that allows one to easily calculate the volume of the fundamental poly- 6 SNAPPEA is an electronic catalog of thousands of hyperbolic compact manifolds, each one of them identified by volume and a code such as m036 (Ϫ3,2) . ͮ .
͑20͒
These results must be compared with the more traditional ones given in ͓4͔, ͓5͔, and ͓6͔.
